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Abstract: The present paper aims to estimate the population
mean in systematic sampling utilizing the information on a single

sampling in estimating the catch of fish. Kushwaha and Singh
(1989), Singh and Singh (1998), Singh et al. (2012), Khan and
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auxiliary variable under non-response/missing observations. We
have considered the situation of non-response/missing observations
in which certain observations on some sampling units for either
study variable or auxiliary variable are missing. In this connection,
we have suggested some ratio, product and regression-type
estimators of the population mean. A general class of estimators of
the population mean has also been suggested. The fundamental
properties of the suggested ratio, product and regression-type
estimators have been discussed in detail. The expressions for the
bias and MSE of the suggested class of estimators have been
derived up to the first order of approximation. The optimum
estimator of the suggested class has also been pioneered out. The
theoretical results have been demonstrated through some empirical
data.

Index Terms: Population mean, class of estimators, systematic
sampling, auxiliary information, non-response/missing
observations.

I. INTRODUCTION

The systematic sampling scheme is widely used and most
applicable technique to select a sample from the population. In
this sampling scheme, the first unit is randomly selected and rest
of the units is being automatically selected according to some
predetermined rule involving the regular spacing of the units.
Madow and Madow (1944), Madow (1946), Cochran (1946) and
Lahiri (1954) have discussed the systematic sampling in details.
Yates (1948) and Buckland (1951) have given the reviews of the
work made in the systematic sampling. Hasel (1942), Finney
(1948) and Nair and Bhargava (1951) have discussed the
applications of systematic sampling in forest survey. Sukhatme
et al. (1958) have demonstrated the application of systematic
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Singh (2015) and Mishra et al. (2018) have utilized the auxiliary
information in developing the estimators of the population
parameters under systematic sampling.

The above works are discussed under the situation where the
population is free from the non-response or incompleteness. But,
in a mail survey, it is not advisable to avoid the occurrence of
non-response and it might play an important role in determining
the precision of the estimates. In such a situation, Hansen and
Hurwitz (1946) introduced a technique of sub-sampling of non-
respondents to handle the problem of non-response. This
technique is commonly used in estimating the parameters of the
population. Toutenburg and Srivastava (1998) have suggested a
new method of estimating the ratio of population means in
survey sampling under some missing observations. Grover and
Kaur (2014) have proposed some exponential ratio-type
estimators of the population mean under non-response/missing
observations. Chaudhary et al. (2012), Chaudhary et al. (2013)
and Shahzad et al. (2017) have proposed some families of
estimators of the population mean in systematic sampling under
non-response.

In the present paper, we have suggested some new methods of
estimating the population mean in systematic sampling under
non-response/missing observations. The new methods describe
some ratio, product and regression-type estimators of the
population mean when the information on a single auxiliary
variable is utilized. A general class of estimators of the
population mean has also been suggested. The theoretical results
have been demonstrated by conducting an empirical study.

Il. SAMPLING DESIGN UNDER NON-RESPONSE

Suppose a population consists of N units and the units are
serially numbered from 1to N . Let a sample of size N be
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selected from the population such that N =nk (k being the
sampling interval and assumed to be an integer). First, we select
a number i(i <k) randomly and choose the unit from the
population corresponding to number i . Now, we select every
k™ unit from the population. Thus, there would be K possible
samples of same size N . Let Y and X be the study and
auxiliary variables with respective population mean Y and X .

Let Y; and Xij(i=1,2,...,k;j:1,2,...,n) be the

observations on the jth unit in the i systematic sample for the

study and auxiliary variables respectively. Suppose the study
variable is subject to the non-response and auxiliary variable is

free from the non-response. Out of N units, let there be n;,
respondent units and N, non-respondent units for the study
in the i"

variable Y systematic sample. To cope with the

situation of non-response, we select a sub-sample of h., units
from n;, non-respondent units following the procedure of
systematic sampling such that N, =Nl (| being the sub-

sampling interval and assumed to be an integer) and collect the
information from all h;, units by interview method. Thus, the

estimator of the population mean Y based on (n,, + h,, ) units

is given by
p— —_ n . +n -
ysys = yi. = Ilyml n 12 yh|2 1 I :1!21"-|k
1)

where Y, and Y., are the means based on n, respondent

units and h,, non-respondent units respectively under study
variable.

Now, the estimator of population mean X based on N units
is given as

— — 1 n
Xss =Xi. == > _X;
n44

1=12,...,k

@)

The estimators ySys and Xsys are respectively unbiased

estimators of the population means Y and X because

E(x_/:ys)= E(§:)= E[E(y, /nll,nlz)} E{Lﬂ”zyz

E(y:ys) =E[y, =Y 3)
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and E()_(sys)= E()_(i‘):Y 4

where Y ., and Yy, are the means based on n;, non-respondent

units and entire N units respectively under study variable.

and Xsys are respectively

D, }_(1+|)p”} }

Y2

The variances of the estimators Y ¢

Wz{ {(NWNl)(
1

L A I

n

given by

©)
V(3 ) =2 [14(n-1) p, J5} ®)

where SY2 and Sf( are respectively the population mean squares

under study and auxiliary variables. sz is the population mean
square of the non-response group under study variable. p, and
Py are the correlation coefficients between a pair of units
within the systematic sample for the study and auxiliary
variables respectively. o, is the correlation coefficient between
a pair of units in the non-response group within the systematic
sample for the study variable. W2 is the non-response rate in the

population.
The usual ratio, product and regression estimators of the

population mean Y under non-response are respectively given as

Ly
Yp ==X 7
Xsys
—_— yS S —
Yp = Yy Xsys (8)
yh’ = 95)/5 +b* (Y—)_(sys) (9)
. Sg
where b = 2y ,
g2

*

l
Sei = - quyu+hI2 Z X; Yy — nXsysysys and

jes; i€Sani2

1 9 -\

2

i :n (xij —Xsys) . S;and S,,;, are the sets of N,
-145

respondent units and hi2 non-respondent units respectively.
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The expressions for the bias and mean square error (MSE) of

— J— —

the estimators y, , Y, and Y, are respectively given by
. —* N —1_ * 2
Blas(yR):WY [1+(n-1) p, J(1-Kp")C2
(10)

MSE(?L):%?Z {1+(n—1)px}[p“cy2 +(1—2Kp*)C>2<}

+i{W2{I +{(’\1W2'\_11_)§n_1)+1}—(1+|)pv2}— ! (1;'%)]52

(11)
-1z .
WY {1+(n-1) px }Kp'CS

(12)

MSE(?L):ﬁY {L+(n-1) o} pCE+ (142K ) CE |

+i{wz{|+{(NWNl)() }(1+I) } I(l_anZ)]sfz

(13)
S, X S, X
el o |
1(1-
u{wz{n{wwn() J- (mm}_ ( pYZ)]SYZ
n N ; .
(14)
%
where C _Sx. C _Sy p*_[l"'(n_l)PY] ?
Y 0 Y T
X Y [1+(n-1)p, ]
K =pg_Y' Syy = PSSy . p is the population correlation

X

coefficient between Y and X .

I1l. SUGGESTED ESTIMATORS UNDER NEW
ESTIMATION STRATEGY

We now consider another strategy of estimating the

population mean Y .Let there be (n—p—q) completely

available observations of Y and X , namely (X)),

(y;zy Xilz)’ e

systematic sample of size N (0< p,q<n;0< p+q<n).

!

] .. +th
(yi(n_p_q), Xi(n_p_q)) on selected units in the |

Suppose there are p available observations of X , namely X,
"

Xy oo

XI':) on the other units of the i systematic sample but

the corresponding observations of Y are missing. Similarly,
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there are q available observations of Y , namely vy, y/, ...,
y,’; on the other units of the i™ systematic sample but the

corresponding observations of X are missing. The quantities
p and g are assumed to be random. Moreover, we have

Z Xi

: Sample mean of X based on

n- P
( -p- q) observations
y' ;Z“ya Sample mean of Y based on
n—-p-Qq7;

(n—p—q) observations

7” Z X

observatlons

7/! Z y

observatlons

: Sample mean of X based on P

: Sample mean of Y based on (

3o (==l pt gy _(-p-a)y'+ay
n—q n-p
Also, we have
V(x)= i (1= p-g D)o, JS? ,
(n-p-q)N
V(y)=— b (n-p-g-Dp, J5; ,
(n-p-a)N
o N-1 )
V(X ): ON {1+(P—1),OX}SX
-\ N-1 .
V(y") ==+ (q-Dp, J82. V (Xc ) = —— 0785,
v(§c):M 252 and Cov(y ic)zNTlaapss
) 1
wee ot —sarhr2ain]

#=(n-p-a){1+(n-p-a-1)p,}. 4 =a{l+(q-1)p},

. 1
qu 2—2{'//1‘H//2 +2py \/‘//1‘//2} ’
(n-a)
v, =(n=p-a){L+(n-p-q-1)p, |
and y, = p{1+( p-1) py }
A. Suggested Ratio, Product and Regression-Type Estimators
We now define some ratio, product and regression-type

estimators of the population mean Y in systematic sampling
under non-response/missing observations as
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o Yoy
Yo ==X (15)
Xc
yc v
yP Y Xc (16)
Vi = Ve +b'(X —xc) a7
' Sxy . . . .
where b =—- | is an estimator of the population regression
SX
coefficient of Y on X ie. ﬂ:SA , and s¢ are the

Sk
unbiased estimators of the population parameters S,, and Sf(

based on (N—p—@) and P units respectively.

In order to obtain the biases and mean square errors of the
estimators defined in equations (15), (16) and (17), we use the
theory of large sample approximations. Let us assume

Ve=Y(1+e) + Xxe=X(1+€) , s, =S, (1+e})
2= 53 (1+e)
such that E(ej)=E(e/)=E(e;)=E(e;)=0,

E(ef)= in)_NNlisz N e,
() )2 s et
corlr i)
E (ege) OV(Yy;XC) O

Under the assumptions of large sample approximations, the
expressions for the bias and MSE of the suggested estimators

Ve, Yp and Y, in terms of €, , € , €, and €5 up to the first
order of approximation are respectively given as

Bias[y;): E(y’R _vj V[E(er)-E(ee)]

(18)
Bias(y_//Pj =E (9}, —\7) =YE[ee!]

(19)
MSE (Vs ) =Y [ E(e;7)+ E(¢?) - 2E (efe]) |

(20)
MSE (;) =Y [E(e;?)+E (e )+ 2E (ee]) ]

(21)
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N4 72 ' SZ Sy v 1ot
MSE (¥, )=Y E(e}’)+ SXXY X E(e1 )- ZS—EYXYE(eOel)

(22)
Substituting the values ofE(e(’f), E(el'z) and E(eje]) in the

equations (18), (19), (20), (21) and (22), we get the expressions
for the bias and MSE of the suggested ratio, product and
regression-type estimators as follows:

(= N-15 . . .
Blas(y Rj = TYGqCX [O'QCX —appCYJ

Bias[y’PJ _N-t
exy

v N-1g2f . . .
MSE (3;) ==~V [7°C +07°C} ~20,000C,C, |

(23)
-1-
YO' o pC C,

(25)
N-1Z2r w2 om0 * _*
MSE (¥} ) = Y [07°C} +0,°C}, +20,0,0C,C, |
(26)
N-1.o = 2_*2 2 _* _*
MSE (Y} ) =——=5¢[ o7 + p’0y —2p°0y0, |
@7)

B. Suggested Class of Estimators

Following Gupta and Shabbir (2008), we now propose a
general class of estimators for estimating the population mean

Y under systematic sampling in the presence of non-
response/missing observations as follows:

Y. = [alycmz(x xc)](z)iiﬂ (28)

where @, and @, are the suitably chosen constants, 77(# 0) and

A are either constants or the functions of known parameters of
the auxiliary variable X .
Expressing the equation (28) in terms of e{, and el’ , We get

- = , 77?+/1
= l+e X=X (1+e —_
vi= [ V(L) +a | (L+ l)ﬂ{nx(uel')m}
(29)
Solving the equation (29) and then ignoring the terms having

powers of €, and €] greater than two, we have

y, -Y = [V(al —1)+a1V{e(’) — 7€ — 7658 +rzel’2} -

o, X (¢~ 7ef’) ]

(30)

where —_"1X
nX+4

Taking expectation on both sides of equation (30), we get
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E(yr—\?)=\?(al—1)+a1\7{12E(e1’2)—rE(e(’)el')}+a2YrE(el'2) . &Y (03,0C, —76,Cy )
(31) 2om) = Xo.Cy
Substituting the values of E(e;?) and E(eje]) into equation (38)

. . —* . Substituting the optimum values of «; and o, from
(31), the expression for the bias of Y, up to the first order of ] . )
o equations (37) and (38) into the equation (34), one can get the
approximation is given as —x

Bias(?f) (-1 + N - 1[a1Y( 67C% ~10°02pC,C, )+ o, e 2C2:| expression for the MSE of the optimum estimator Yi(opt) @
N

(32) MSE (Vo) = MEE (%)

Squaring both sides of equation (30) and then taking N N —1(1_pz)U;zCYz
- - - ! !
expectation on neglecting the terms having powers of €, and €,
39
higher than two, we get (39)
E(?:—V)Z )Y et (e )+ B (o) - 20E (ejef)} + 22 X E(ef7) IV. EMPIRICAL STUDY
—2ala2XY{E(e el’) z’E( )} To verify the performance of the suggested estimators, we

have illustrated the theoretical results obtained in the previous
sections through a real data set. We have used the data
considered by Shahzad et al. (2017). In this data set, volume of
the timber and length of the timber are respectively considered
as Y and X . The details are given below:

N =176,n=16,Y =282.61, X =6.99,S, =155.73,
S, =295, p=0.87, p, =-0.0019, p, =-0.0014 ,
p=3,4,56,7and q=3,4,5.

(34) Table 1 shows the variance/MSE of the estimators Y, Vg,

(33)
Substituting the values of E(e{’) E(e;?) and E(e)e;) into

l

equation (33), the expression for the MSE of yt up to the first
order of approximation is given by
-2 N-1|aY ( ;zCz—r 0.Ck - ZTaopCXCY)mzzYZa;ZCi

MSE (e, 1Y+~
N —20!1052XY6qCX (()'p,oCY —quX)

To obtain the optimum values of ¢, and &, , we differentiate y;, yl'r and y&o ., for the different choices of P and .

the equation (34) with respect to o, and «, respectively and Table 1: Variance/MSE of Y, 7;7 7;’ 37|'r and

equate the derivatives to zero. Thus, we have

owse(y (e )7 5 N1 2 (07 =07CS 200000, ier)
— V. +— 50 -
ooy N -2a, XYO';CX (0';pCY —TO':ICX) Variance /MSE
Plq
v ! 7! 7! —*
yC yR yP ylr yt(opt
. l)?z N1 aY (GEZCYZ -7’0, Cy —ZTO';G;,OCXCY) 0
0, XVo.C,y (0C, ~10:C, 5 |5 | 18259 4630 53308 4438 44l
613 848 826 972 4437
) (35) L |5 | 19814 5166 | 55098 | 4837 480,
aMSE(yt) N -1 108 281 072 848 8846
— = [Zazx 0,/Cx 20, XY0,Cy (07,pC, —10,Cy )} =0, | 21650 5848 | 59005 | 564 532
2 308 895 096 963 9840
Y o 4 4 1984.3 503.3 5800.8 482.3 479.
= a,X 6,C; -, XY0,Cy (0,pC, —70,Cy ) =0 021 714 709 880 | 4920
(36) 5 4 2167.7 566.9 6105.7 529.7 526.
Solving the equations (35) and (36), we can get the optimum 652 534 238 887 3159
2387.7 649.7 6463.3 593.9 589.
values of &, and &, as 6 |4 059 357 270 632 6777
A 1 5 5 2169.1 550.3 6339.7 527.3 523.
1+ N1 7)o 404 539 404 212 | 8625
6 5 2388.5 626.8 6701.9 584.4 580.

(37)

Institute of Science, BHU Varanasi, India 42



303 825 918 278 2096
7 15 2656.2 729.0 7134.0 663.9 658.
116 259 225 746 6495

Table 2 represents the percentage relative efficiency (PRE) of

the estimators Y, Y, Y5, ¥} and yt?opt) with respect to the

estimator Y. for the different choices of P and Q.

Table 2: PRE of Y¢., Yz, Vo, Vir and Yy

0 | g PRE

Ye Ya Yo Yie A

3 |3 394.3 34.19 411.3 413.6
100 039 48 478 340

4 |3 383.5 35.38 409.5 412.0
100 275 36 645 346

5 |3 370.1 36.69 403.5 406.2
100 606 23 500 093

4 |2 394.2 34.20 411.3 413.8
100 024 70 498 342

5 |4 382.3 35.50 409.1 411.8
100 533 38 755 753

6 |a 367.4 36.94 401.9 404.9
100 888 24 956 171

5 |5 394.1 34.21 411.3 414.0
100 356 50 509 667

6 |s 381.0 35.63 408.6 411.6
100 173 91 955 668

7 15 364.3 37.23 400.0 403.2
100 508 30 472 815

CONCLUDING REMARKS

In this paper, some new methods of estimating the population
mean have been discussed under systematic sampling in the
presence of non-response/missing observations. Some ratio,
product and regression-type estimators of the population mean
have been suggested under the situation in which certain
observations for some sampling units are missing. A general
class of estimators of the population mean has also been
suggested under the given situation. The fundamental properties
of the suggested estimators have been discussed in detail. To
examine the behaviour of the suggested estimators, an empirical
study has been carried out through a real data set. The Table 1
and Table 2 reveal that a significant gain in the efficiency of the
suggested estimators has been achieved. Though, the product-

type estimator 37,'3 is less efficient than the estimator Y . Such a
result could be seen because of the positive correlation between
study and auxiliary variables. The estimator 7;, would perform

well if both the variables are negatively correlated. From Table 1
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and Table 2, it is also revealed that the optimum estimator of the
proposed class performs very well as compared to the other
estimators.
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